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The Hamiltonian analysis for the Euler and Second-Chern classes is performed. We show that, 
in spite of the fact that the Second-Chern and Euler invariants give rise to the same equations of 
("^ , motion, their corresponding symplectic structures on the phase space are different, therefore, one 

CN ■ 

, can expect different quantum formulations. In addition, the symmetries of actions written as a 

H . 

Cu , BF-like theory that lead to Yang-Mills equations of motion are studied. A close relationship with 

the results obtained in previous works for the Second-Chern and Euler classes is found. 

cn 

^ , PACS numbers: 98.80.-k,98.80.Cq 

r^ ! I. INTRODUCTION 

Nowadays BF theories are a topic of great interest in physics [l|, |2| due to the close relation with 
General Relativity, since they are background independent, difFeomorphisms covariant although are 



K^ ■ devoid of local physical degrees of freedom, [3|-|5|. In the literature there exist several examples 

\^ • where BF theories come to be relevant models, for instance in alternative formulations of gravity 



using the MacDowell-Maunsouri approach or of Yang-Mills [YM] theory using Martellini's model. 



^■f-N ' MacDowell-Maunsouri formulation of gravity consists in breaking down the 5*0(5) symmetry of a 

^~; I BF-theoiy from the 5*0(5) group to the 50(4), in order to obtain the Palatini action plus the sum 

of the Second Chern and the Euler topological invariants. Since those topological classes have trivial 
local variations that do not contribute classically to the dynamics, one obtains essentially general 
K> ■ relativity [6]. Furthermore, the study of those invariants has been the subject of recent works since 

C^ ' they have a close relation with general relativity as well [4|. In addition, they are expected to 

be related to physical observables, as for instance in the case of anomalies [7-12[. On the other 
hand, Martellini's model consists in expressing YM theory as a i3i^- like theory [l3|, thus, in this so- 
called first-order formulation, YM theory can be viewed as a perturbative expansion in the coupling 
constant g around the pure topological BF theory; additionally the BF first-order formulation is 
on shell equivalent to the usual (second-order) YM theory. In this context, both formulations of 
the theory possess the same perturbative quantum properties [1J|. On the other side, there also 
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exists an alternative way to express YM as a i?F-like theory [16], and it is possible to show again 
a close relation among topological theories and physical theories. In particular, in [l6| has been 
analyzed the quantum aspects of the i?i^- like theory with the abelian group t/(l), and it has been 
concluded that the model gives the same physical description than Maxwell theory at both classical 
and quantum level. 

At the light of these facts, in this paper we analyze the Hamiltonian formulation for the theories 
discussed above. First we perform the Hamiltonian analysis for the Second-Chern and the Euler 
invariants. We show that, in spite of the fact that both theories give rise to the same equations of 
motion, their corresponding symplectic structures are different from each other, fact that becomes 
important at both classical and quantum levels. It is important to mention that there exist studies 
including those invariants; in particular they play an important role at quantum level in modified 
versions of General Relativity [17|. On the other hand, in [18|, the canonical covariant formalism 
has been developed for those invariants showing that the topological classes share the Chern-Simons 
state within the self-dual scenario. Nevertheless, in these works, the study of the symmetries was 
not performed in detail, and the present work attempts to go o n along these lines. Furthermore, 
we perform the Hamiltonian analysis for Martellini's model 13l4l5j and for the action worked out 
in |16j . We show that both theories yield YM equations of motion, however our Hamiltonian study 
shows that those theories are not topological because there exist physical degrees of freedom. In 
addition, their symplectic structures are different from each other, fact that becomes to be relevant 
in the quantum treatment of both theories just as it happens for the Second-Chern and Euler classes. 
At the end, we show a close relation among these physical actions and the topological invariants 
discussed at the beginning of the paper. 



II. CANONICAL ANALYSIS FOR ACTIONS WRITTEN AS BF-TYPE ONES: EULER 

AND SECOND-CHERN CLASS 

In the following two sections we develop Dirac's canonical analysis for the Euler and Second- 
Chern topological invariants on a smaller phase space context. This means that we shall consider as 
dynamical variables those whose time derivatives occur in the Lagrangian. The analysis performed 
in this part will be relevant for later sections, because we will learn that in spite of two actions give 
rise to same equations of motion, their corresponding symplectic structures are quite different from 
each other and this fact could yield different quantum descriptions. Partial results were studied in 
[18|, however we develop our analysis in this work by a different way extending those results. 
The theories that we will study in this part are described by the following actions [J, |l8j 

Ssc[A, B]^E f F" A Bij - \b'' A Bjj, (1) 



and 

Se[A, B]=n f ^F'-' A Bjj - 1 * B^^ A Bjj, (2) 

where the former corresponds to the Second-Chern invariant and the later to the Euler class. Here S, 
il are constants, /, J, .. =0,1,2,3 are 5*0(3, 1) index that are raised and lowered with the Minkowski 
metric if^ — (—1, 1, 1, 1), the • product acts on internal indices namely, -kB^'^ = ^e^"^ klB^'", and 
we will assume that M is a manifold with topology S x i?. 
The equations of motion for the action (1) are given by 

DB^'^ = 0, F"[uj] = B", (3) 

whereas for the action (2) are given by 

D • B^' = 0, i.F"[uj] = -kB''\ (4) 

after the application of the 7k- operation to the equations Q, those are reduced to ([3]); thus, we would 
expect at classical level the same physical description. However, it has been remarked in [l8|, |l9[ 
that two theories sharing the same equations of motion, in general do not yield the same physical 
description, in particular within the quantum context. In this way, we need to be more careful by 
carrying out a deep analysis of the symmetries of the systems under study. In this respect, we will 
develop the Hamiltonian framework for the actions given in ([T]) and ([2]) allowing us to know the 
principal symmetries of the actions and the relation among them. It is important to remark that 
the analysis that we develop in this section is performed by following ideas presented in [l9j and the 
study carry out here has been not reported in the literature. 
For our aim, it is convenient to make the following change of variables: B' = —^e^jkB-'^, T* = 

1 A , ,jk „a ^^abc r> r>a 'Z^^ahc r> ^i ^i A i , , Oi ^, or? ^ 

~2^ Jk^ , TT i — :i?7 iJibc, ^^ — ^rj nOibc, T — -Iq, A — -Wq , X^Oa — -^^ioa, ^ia — 

—2BoiOa, B\c ~ —\(^ jkB^^bc, where latin indices are raised and lowered with the metric S"^^ — 
(1, 1, 1) and the totally anty-symmetric Levi-Civita density of weight +1, ry"'^'^'^, is such that j^^^s _ 
1 with rf'"'^'^ = rj"'^'^ . The two- form curvature F^"' in terms of these variables is given by 



Fibc — 
Foibc = 



(5) 



In this manner, using the new variables, the Hamiltonian analysis for the Second-Chern and Euler 
invariants leads to 

Ssc [T\,7r1,u;^°\P^-,T\A\c;\,Xa] = J ^"^^ J rfa;3{t\< + cO.O'/^" - r^ (9,< -f e, >P,"c^,°^' + e, >TX) 

(6) 

+ e./T>,") -I- ^T\daPt + e./'^fe T^. - e,/^g^a°^) + ^ {K - ^V'^'-F^bc) + ^^\ (Ft - ^v'^'Fo.bc) }■ 

(7) 



From the extended actions ^ and ([7]) we are able to identify the corresponding symplectic structures 
for Second Chern and Euler classes given by 



Second Chern class 



{Tlix),7:'^iy)U = SlS]6^i^ - y), {L,a'\x), P^iy)}sc - S'j^S^x - y). 



Euler class 



Vt 



n 



{rjx), ^P^{y)}E = 5»J]5\x - y), {loJ>\x), -^7r',iy)}E = S'J^^S'{x - y) 



(8) 



(9) 



We observe that the two actions share the same dynamical variables, however, the corresponding 
symplectic structures are quite different from each other. In this manner, in spite of the actions ([T]) 
and ^ giving rise to the same equations of motion, in virtue of (|S]) and (|3we expect a different 
quantum description of the systems; these results confirm those reported in [lg| where it was found 
that the Second-Chern and the Euler classes have different quantum states. In this way, the action 
principle presents a double role J19j : on one hand, the action provides the equations of motion and 



on the other ones fixes the symplectic structure, thus that the role of the action is very important as 
matter of fact beyond the equations of motion. Of course, there are approaches where the equations 
of motion are used to determine the symplectic geometry on the phase space [5| , however in that 
approach the phase space is not endowed with a natural or preferred symplectic structure, this fact 
becomes to be important because the freedom in the choice of symplectic structures will be relevant 
at the classical and quantum level [l8|, ll9| . 
From ([T]) and ([2]) we are able to identify that the actions share the following 24 constraints 






*," := [P^ - E?j'"'- [2^bUJco^ + 26,,fcC.b^T^,]) 



0, 
0, 
0, 
0, 



(10) 



this fact will be relevant, because by using the new variables defined above we observe that the 

actions under study share the same constraints, however, the symplectic structures are different, 

i 
this crucial part was not considered in 18:]. On the other side, from ([1]) and ^ we are able to 

identify the corresponding extended Hamiltonians given by 



H. 



SCe 



{r' {dan! + e^.'^P^LOa^^ + 6,/T>,") + A^daPt + ^./^fc T^ " ^^M^a°') 
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Hr, 



^Ca {Pt - S^""' [2dtwcm + 2e,,kUJt''oTi\) }. (U) 



these Hamiltonians are linear combination of constraints. The constraints pOj) are first class, whose 
algebra is given by 



Second Chern class 



Euler class 



{(f>,{x),(f>j{y)} = €^j''(f>kS^{x-y), 

{Mx),i^j{y)} = -e^j''<j)kS^{x-y), 

{M^),^'^iy)} = e.,'^nS'{x-y), 

{M^),^';iy)} = -e,/^lS'(x^y), 

{$,"(x),$5(2/)} = 0, 



{U^),<^ny)} = e^.'^nSHx-y), 



{M^),<^'^{y)} = e^.'^nSHx-y), 

bl 



{vl/,"(x),$5(2/)} = 0, 



{(j),{x),il)j{y)} = ^eij^(j)k6^{x-y), 

{(l),{x),(f)j{y)} = -^Q/^^fe<5^(a;-y), 

{V'»(a;),Vi(y)} = ^eij^^u5^{x-y), 

{0,(x),vl.-(y)} = ge,>cj>g^3(^_y)^ 

{</>,(x),$,ny)} = -^e.>vf^<53(a:-y), 

{V',(x),$,ny)} = ±e.^^<^l5\x-y), 

{mAx),'^]{y)} = 0, 



(12) 



(13) 

It is important to observe that the algebra of the constraints for Second-Chern and Euler class is 
closed, however, because of the symplectic structures are different, both theories has an algebra with 
different structure, namely; for Second-Chern class we see that {(j)i{x), 'ipjiy)} is proportional to "tpk, 
while for Euler class is proportional to 0^, and so on with the rest of the Poisson brackets among 
the constraints. On the other hand, the extended Hamiltonians ()lip are a linear combination of first 
class constraints as expected because of the background independence of the theories [J, [ig, [iSj . 



Furthermore, the constraints (1101) are not independent because do exist 6 reducibihty conditions 
given by 

(14) 

Thus, with all constraints identified we are able to carry out the counting of degrees of freedom as 
follows: There are 36 canonical variables, [24-6] =18 independents first class constraints, and there 
are not second class constraints. Therefore the theories under study are devoid of physical degrees 
of freedom and correspond to topological theories. Therefore, these results complete and extend 
those ones reported in [l8| in the sense of the present analysis was performed using a different 
approach. 



III. DIRAC'S CANONICAL ANALYSIS FOR YANG-MILLS THEORY WRITTEN AS A 

BF-LIKE THEORY 

It has been commented above that there exist models where YM theory can be written as a BF- 



like theory J16l |. In the later two sections, we perform Dirac's canonical analysis for two different 
actions, leading to YM theory but with different symplectic structures, so we will find a similar 
situation as it was found for the topological invariants studied above. 
First let us start with the following action [16| 

S[A, B]= f *Ba AB''- 2Ba A *F'', (15) 

where a, b, c. are SU{N) index, B" = ^B^'^^dx^' A dx" is a set of {N'^ - 1) SU{N) valued 2-forms, 
pa ^ ipa^^^^t^ ^ ^^u^ ^-^^^ pa^^ ^ Q^j^a _ Q^j^a^ ^ f' f,^A^^Al is the curvaturc of the connection 

1-form A"^ = A'f^dx'^''. Here, ji^v — 0,1, ..,3 are spacetime indices, x^ are the coordinates that 
label the points for the 4-dimensional Minkowski manifold M, and *Ba[i = ■^SaPtj.iyB^'' is the usual 
Hodge-duality operation. It is important to remark that the action (fT5|) is the coupling of two 
topological theories in the sense that if we split ([15]), naniely; in a term Si [A, B] = Jj^j Ba A *F" and 
S2[A, B] = Jj^j *Ba/\B'^, Si and 5*2 are topological ones 16[. It its important to observe that for the 



Euler class the star product acts on internal indices, while for the action (J15p the star product acts 
on space-time indices; this fact will be very important because Euler class is a topological theory as 
it has been showed above, however (1151) will not be topological anymore as it will be showed below. 
So, the action on a Minkowski background takes the following form 



S[B, A] = J ^B'^.^Ba^'' - ^B^'' {d^A,^ - a.^/ + n,A\A^,) 



rfa;^ (16) 



the equations of motion obtained from (|16p read 

Bf_ii, — Ofj_Ai, — OyA^ + / (,^A ^A ^, 

We can observe that by substituting the first equation of motion in the second one, (|T7l) is reduced 
to usual YM equations of motion. We can appreciate at this level the double role of the action (|16p , 
as we have already commented above; the first one is that the action give us the equations of motion 
()17p . and the second one the action will fix the symplectic structure as we shall see below performing 
the Hamiltonian framework. 
Thus, by performing the Hamiltonian analysis of (J16p we obtain 



Se [a^, n^, s;., nr, K, A^ <, <, <,, «,'^] = j d^x(i^n^ + i?;,nr - \k^1 + \Bt,B:^ 



AgAni - T^B^i^F^ - Ag7° - y'la - ulx\ - uia^: - v^p^ - <^.o, (18) 



here {W^.'XVf) are canonically conjugate to (A^,B°^); i, j,fc.. = 1,2,3, and A< = ^iTr^+ZafccA-Tr''^. 
From ([T8| can be identified the following symplectic structure 

1 / X (19) 

{B«^(x),nr(y)} = 2 i'^''^;^ - '^^'^"j '^^"'^'(^ - y)' 

and Aq, A° are Lagrange multipliers enforcing the following 2(A^'^ — 1) first class constraints 

7" = n" « 



7a = Z?.ff, + 2/abe5«n°^^ + /abcS^.ff^^ « 0, 



(20) 



wf , Uqj, m°-, uf are Lagrange multipliers enforcing the following 12(A^^ — 1) second class constraints 



(21) 



Aa ^^a "j 



Therefore, the counting of degrees of freedom is carry out as follows; there are 20(7V^ — 1) phase 
space variables, 2(Af^ — 1) independent first class constraints and 12(iV^ — 1) second class constraints, 
thus the theory given in (fT8|) has 2(7V^ — 1) degrees of freedom, corresponding to the number of 
degrees of freedom for YM theory. 
From the action (IT5|) we also identify the extended Hamiltonian for the theory 

He = ]^\^i - \Bt,m - AgAn^ + \mFt, - y^iii - ^"la. (22) 

Of course, the difference between the Hamiltonian (|22l) and the Hamiltonians ((TT|) . is that (l22t is not 
linear combination of constraints; this fact is due to the action (|15p is not background independent. 
Furthermore, if the second class constraints (|2ip are considered as strong equations, we recover the 



8 

standard YM Hamiltonian. 

With the constraints identified, we are able to calculate the gauge transformations on the phase 

space. For this aim we define the gauge generator in the following form 

G= f [Doe^ola + e'^7a] d'x, (23) 

SO, the gauge transformations are given by 

{^^,G} = -^/^^e^ (24) 



n: ^ n:j-eVba^n^- (25) 

We finish this section with some remarks. On one hand, it is important to perform the quantum 
treatment of the action ((T5|) and to find the differences respect to the standard YM theory; this 
subject of study is already in progress [l6[. On the other, we can also introduce a constant g^ in the 
second term of the action (TTSl) namely, S[A, B] = Jj^j g^ * Ba /\ B^ — 2Ba A *F°-^ thus, we are able 
to analyze the perturbative behavior in the constant g around the second term J, , Ba A ^F"" which 
corresponds to be topological one, and then comparing this behavior with the results obtained in 
[15| for Martellini's model. On the other side, in the following section we will analyze the relation 
between the action (jTS]) and Martellini's model because both actions yield on shell to YM theory, 
however we shall see that their corresponding symplectic structures are different jus as in the case 
for topological invariants studied above. 

IV. DIRAC'S CANONICAL ANALYSIS FOR MARTELLINI'S MODEL 

It is well- know in the literature that there exists a different model to p^ . with the particularity 
that its equations of motion also yield YM equations; that one is called Martellini's model 



13|-ll5|- 



As it has been comment above, Martellini's model is a deformation of a BF topological field theory 
where it is possible show that gives the first order formulation of YM theory, and it has been showed 
that the standard uw-behaviour is recovered [15|, and new non local observables can be defined, 
which are related to the phase structure of the theory. 

For these reasons, in this section we shall perform the Hamiltonian analysis for Martellini's model 
which is absent the literature, and we will compare the results obtained in this part with those found 
in Sec. Ill, all this part will be developed with in the aim to observe if there exists a similar situation 
just as for Second-Chern and Euler invariants. 



Our starting point is the following action 13l-ll5| 



S[A, B]= [ iBa A i^" + ^Ba A *B", (26) 

Jm 4 



where i is the complex number, B"', F"' and *B are defined as in Sec. Ill, g is a. coupling constant. 
We can observe that the action (|15|) and (|26|) share the same dynamical variables, however they 
are different, in (fT5|) the star product acts in both terms of the action, while in (pS)) it does not; 
something similar occurs for the topological invariants. Furthermore, ([26]) has an imaginary factor 
i which is relevant in the path integral formulation. 
Hence, on a Minkowski space-time the action takes the form 



S[A,B]= f 
Jm 



i o2 

^fii^a/} p Tja 1^ y R Tjafii/ 



The equations of motion obtained from ([27l) read 



dx^. (27) 



^^^'"'"^SaM.) = 0, (28) 

where the derivation D^ is defined as above. We observe that the action ([26]) yields on shell YM 

theory (just as the action (|15p). 

Thus, the Hamiltonian analysis of the action ([27)) leads to 



5s[A^, n^, i?;,, nr , Ag, A^ <, <, <^, <j = J dMA;^ + <nr - ^n^n^ + 2g'BS,B^^^ 

+A^oDrK + WB^orF^^, - A;57° - A"7a - <0^ - wS,</>°'' - Kj^i^ - ^V-^^), (29) 



where (11", 11"'^) are canonically conjugate to (AJ^,i?^^), and we are able to identify the symplectic 
structure 

{B2^(x),nr(y)} = 2 ('^^<5;^ - -^^-^a) '^6'5'(^ - y). 

On the other hand, Ag, A" are Lagrange multipliers enforcing the following 2{N'^ — 1) first class 
constraints 

^" " ' (31) 

7a = i^.nl + 2fabcB'o,Il"'^ + fabcB'^.Tl''' « 0, 

and uf, wgi, u" , Wqj are Lagrange multipliers enforcing the following 12 (A^^ — 1) second class con- 
straints 

€ = n°; « 0, 

(32) 

</'a' = n;-' « 0, 



It is important to remark that in pip the second first class constraint corresponds to the Gauss 
constraint for this theory; on the other side, in virtue of (|5^ the symplectic structure (IT^ and 
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(|30| are different since in (|16p the definition of the momenta is IT^ = —-8°% while for (|27)) is 
n^ = irf^^Bjka: and this fact will be important in the quantum treatment. So, in spite of both 
actions (fTB]) and ([^5]) yield on s/iel/ YM theory and the fact that their corresponding symplectic 
structures are different from each other, we could expect a similar situation just as Second-Chern 
and Euler invariants studied in Sect. Ill, where the quantum theories are different. However, the 
quantum study of (|16p is still in progress and we can not say yet if at quantum level the action 
(fT6| corresponds to YM theory; nevertheless, for an abelian group the action (fT6| is equivalent to 
Maxwell theory at classical and quantum level [16j. 
On the other hand, the extended Hamiltonian for the theory ([27)) is given by 



He = \u\J\1 - 2g^B^^,Bl^ - A^^D^IY', - iT^^^'^B^o.^jJ. - Kll ~ ^""la- (33) 

With all this information at hand, we are able to carry out the counting of physical degrees of 
freedom as follows; There are 20{N^ — 1) phase space variables, 2{N'^ — 1) independent first class 
constraints and 12{N^ — 1) second class constraints, thus the theory given in (^5)) has 2{N^ — 1) 
degrees of freedom. 

Now, it is straightforward to prove that the gauge transformations on the phase space for the theory 
under study are those for YM theory. For this aim we define the gauge generator in the form 

G= f [Doe^ola + e^la] d'x, (34) 

hence, the gauge transformations are given by 

{AS,G} = -i?„e^ 
{K,G} = -fJKe', (35) 



A^ — ?> A^ ~ Dctt , 

U2 ^ U:-e^fJU^. (36) 

Therefore, we have presented the Hamiltonian study for two actions that give rise to YM equations 
of motion, nevertheless, their respective symplectic structures are different. The actions have a 
close relation with topological theories, and we believe that these facts will be relevant in the 
quantum scenario. The analysis presented in this paper has been performed at classical level and 
the quantum approach will be reported in forthcoming works il6] . expecting to confirm a similar 
situation as was found for the Second-Chern and the Euler invariants [ISl j. 
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